Abstract-This paper studies the fixed-time stabilization control for a class of second-order systems with unknown nonlinear dynamics and external disturbance. To achieve the fixed-time stability, two polynomial feedbacks, one with fractional exponent and the other with exponent greater than 1, are exploited in the sliding surface design. Then, considering the unknown nonlinear dynamics and the external disturbance, the unit-vector technique, coupled with the upper bounds related to the Lipschitz condition of nonlinear dynamics and the uncertain disturbance, is utilized to the fixed-time stability controller based on the designed sliding surface function. Finally, a forced pendulum system is used as case study example to examine the effectiveness of the developed design framework.
I. INTRODUCTION
The finite-time stability and control of dynamic systems have been intensively investigated in recent studies, in which the stability is realized over a finite time interval, and the finite time is called the settling time or the convergence time. The finite-time stability is regarded as of more advantages than the classic Lyapunov asymptotic stability in many real applications, such as robot and vehicle systems [1] - [2] and spacecrafts [3] - [4] . One key issue in finite-time stability and control is the estimation of the settling time, which is a function depending on the initial conditions of system. This would lead to inconvenience in applications since the initial conditions of many practical systems are hard to be accurately obtained or even impossible to be known in advance. To solve this problem, the fixed-time stability control method was further developed by Polyakov [10] , and then attracted the attention of many researchers. In this line of studies, it is required that the system is globally finite-time stable and the settling-time is bounded by a fixed constant independent of the initial conditions.
Compared with the extensive study on finite-time stability [5] - [9] , there are fewer results for the fixed-time stability research. In [10] , Polyakov derived a sufficient condition to ensure the fixed-time stability of uncertain linear plants and an estimation of the settling time was also given. For a linear single input system, an implicit Lyapunov function method was applied to establish certain criteria for the fixed-time stability in [11] . In [12] , a general approach was provided to reveal the essence of finite-time stability and fixed-time convergence for the considered system, and conditions for finite-time and fixedtime convergence were derived. For a SISO dynamic system, it was shown that any finite-time convergent homogeneous sliding mode controller could be transformed into a fixed-time convergent one, featuring an upper bound of convergence time [13] . All the above research aims at linear dynamic systems, however, nonlinear systems are widely prevalent in applications. For a class of first-order nonlinear systems, the fixedtime stability and the fixed-time synchronization of coupled discontinuous neural networks were investigated under the framework of Filippov solution [14] . Recently, Zuo et al. [15] considered the fixed-time stability of a class of second-order multi-variable nonlinear systems with matched uncertainties, and proposed a multi-variable sliding mode controller based on a set of nonlinear coupled sliding surfaces. Note that nonlinear functions of the controlled dynamics are used in the controller design, which implies that the nonlinear dynamics has to be known in advance. Nevertheless, the nonlinear dynamics of the controlled plant is generally more difficult to establish or even cannot be obtained.
In this work, the fixed-time stabilization problem is investigated for a class of second-order systems with unknown nonlinear dynamics and external disturbances. In this paper, a multi-variable sliding mode control scheme is developed that is different to the control design for scalar systems. To be specific, two polynomial feedbacks, one with a fractional exponent and the other with an exponent greater than 1, are exploited in the controller design. Further more, considering the unknown nonlinear dynamics and the external disturbance, the unit-vector technique, coupled with the upper bounds related to the Lipschitz condition of nonlinear dynamics and the assumption on uncertain disturbance, is employed to the sliding surface function such that the closed-loop system is proved to be globally fixed-time stable via phase analysis and Lyapunov tools. Meanwhile, the upper bound of the settling time is given, which only depends on the parameters in the designed stable controller, regardless of the initial conditions. To avoid the control singularity in practical implementations, a singularity-induced term, which results from the differentiation of the term with fractional exponent, is substituted by a saturation function of a given threshold. Finally, the proposed fixed-time stability controller is applied to a forced pendulum system.
The rest of this paper is organized as follows. In Section II, basic concepts and a preliminary result on fixed-time stability are briefly recalled, based on which the problem statement is made. In Section III, the fixed-time stability problem is addressed for a second-order system with unknown nonlinear dynamics, while the system with uncertain external disturbances is further considered in Section IV. A forced pendulum example is studied in Section V to illustrate the effectiveness of proposed control design methods. Finally, the conclusion is drawn in Section VI.
II. PRELIMINARIES AND PROBLEM STATEMENT

A. Preliminaries
Consider the systeṁ
where
The origin of system (1) is a globally finite-time equilibrium if there is a function T :
Definition 2: [10] The origin of system (1) is a globally fixed-time equilibrium if it is globally finite-time stable and the settling time function T (x 0 ) is bounded by some positive number
Denote D * ϕ(t) as the upper Dini derivative of a function ϕ(t), which is defined as D * ϕ(t) := lim h→0 + sup(ϕ(t + h) − ϕ(t))/h. The following conclusion can be drawn for the fixedtime stability analysis in this paper.
Lemma 1: [17] If there exists a continuous radially un-
, and 2) any solution of (1) satisfies the inequality
for some α, β > 0 and p > 1 > q > 0, then the origin of the system is globally fixed-time stable and the settling time function T (x 0 ) is uniformly bounded by a computable constant, i.e.,
Remark 1: Compared with (3), a less conservative estimate for the upper bound of settling time function T (x 0 ) can be derived as
µ are satisfied with µ > 1, as given in the reference [17] .
B. Problem Statement
Consider the following second-order multi-variable system
with the initial condition x(0) = x 0 , where
is the unknown nonlinear dynamics, and u(t) ∈ R n is the control input. The control objective is to design a controller for the nonlinear system (5) such that the origin of the closed-loop system is a globally fixed-time equilibrium. The time variable t is omitted in the following controller design and stability analysis for a concise expression. As to the unknown nonlinear dynamics, the following assumption is made.
Assumption 1: The continuous nonlinear function f (x) satisfies the following Lipschitz condition
for ∀ξ , η ∈ R n and ∀t ≥ 0, where β is a positive constant scalar. Remark 2: According to Assumption 1, we have
from which it is derived that
with f (0) := γ. From (8) , it follows that
and then the inequality
is finally obtained by Assumption 1.
III. FIXED-TIME STABILITY OF SECOND-ORDER NONLINEAR SYSTEMS
To realize the fixed-time stability of nonlinear system (5), we firstly propose the following sliding surface:
To proceed, we present a useful lemma, based on which we can obtain the main result as stated in Theorem 1 later on. Lemma 2: [15] Consider a first-order multi-variable systeṁ
where x ∈ R n , α, β > 0, p > 1 and 0 < q < 1. Then, the system is globally fixed-time stable at the origin and the settling time estimate is given by (3).
Remark 3:
Rewrite the sliding surface (11) as
with p 2 > 1, 1/2 < q 2 < 1. Note that in (14) , there are two polynomial feedbacks with fractional exponent and exponent greater than 1, respectively. In fact, after achieving the ideal sliding motion with s = 0, the first polynomial term dominates the convergence speed for x 1 1, while if x 1 1, the second polynomial term is the dominant one.
Theorem 1: For the second-order multi-variable system (5) with unknown nonlinear dynamics satisfying Assumption 1, the global fixed-time stability is realized at the origin under the proposed controller (12) , and the upper bound of the settling time is given by
Proof: The time derivative of s along the trajectory of system (5) is calculated bẏ
Substituting the controller (12) into (16) yieldṡ
Define the Lyapunov function V (s) = s T s/2, it can be derived that
Let y = √ 2V andẏ =V / √ 2V , from which and (18) it is obtained thatẏ
According to Lemma 1, we have that the term s(t) approaches zero with a finite settling time bounded by
Till now, it has been proved that s(t) = 0 for all t ≥ T 1 . Then combining with (11), we find that the corresponding reducedorder motion is governed bẏ
According to Lemma 2, the fixed-time stability of (21) is achieved at the origin and the upper bound of settling time is given by
Thus, x 1 (t) = 0 for ∀t ≥ T 1 + T 2 , from which it also follows that x 2 (t) =ẋ 1 (t) = 0 for ∀t ≥ T 1 + T 2 .
To summarize, the nonlinear system (5) with the control input (12) is globally fixed-time stable at the origin with the settling time bounded by T (x 0 ) ≤ T 1 + T 2 , where T 1 and T 2 are positive constants independent of the initial conditions. This completes the proof.
Remark 4: It should be noted that the control input is not well defined in the set {(x 1 , x 2 )|x 1 = 0, x 2 = 0}, where the singularity results from the term x 1 q 2 −1 x 2 in (12) with q 2 < 1. Furthermore, we can obtain the following controller associated with the ideal sliding motion by substituting (12), that is,
Then by observing the obtained expression in (23), it can be seen that the control input is always well defined during the sliding motion if 1/2 < q 2 < 1. Therefore, the singularity of controller can be avoided for s = 0 by imposing the requirement 1/2 < q 2 < 1 to the designed controller (12) . To avoid the singularity occurrence of the proposed fixedtime stability controller during the whole motion process, we introduce the following saturation function
into (12), where z ∈ R and ε is a threshold parameter. To be specific, applying (24) to (12) results in the following amended controller
where the saturation function sat ε (·) is used componentwise, i.e.,
Theorem 2: For the second-order multi-variable system (5) with unknown nonlinear dynamics satisfying Assumption 1, the global fixed-time stability is realized at the origin under the nonsingular controller (25), and the upper bound of the settling time is given by
where T ε1 is a small time margin to account for the influence of the saturation manipulation to the convergence time. Proof: The above result can be easily obtained by combining Theorem 1 with the analysis method to deal with saturation functions in Theorem 2 of [15] . Hence, the specific proof is omitted here.
IV. FIXED-TIME STABILITY OF DISTURBED SYSTEMS
Consider the nonlinear second-order system with external disturbances:
where d(t) ∈ R n is the unknown external disturbance. Assumption 2: There exists a known positive function σ (t) :
for ∀t ≥ 0.
For the fixed-time stability problem of system (27), the following controller is developed
with a positive function θ satisfying θ ≥ σ . Theorem 3: For the disturbed nonlinear system (27) satisfying Assumptions 1 and 2, the global fixed-time stability is realized at the origin under the proposed controller (29), and the upper bound of the settling time is provided by (15) .
Proof: The time derivative of sliding surface s along the trajectory of system (27) iṡ
Applying the controller (29) into (30) leads tȯ
Then the upper Dini derivative of the Lyapunov function V (s) = s T s/2 satisfies the following
By Lemma 2, s(t) approaches zero with a finite settling time bounded by (20). To proceed, substitution of s = 0 into (11) results in (21), which will realize the fixed-time stability at the origin with the settling time bounded by (22). Combining the above two motion processes, we can conclude that the disturbed nonlinear system (27) with controller (29) is globally fixed-time stable at the origin with the settling time upperbounded by
Remark 5: Without loss of generality, the function θ in the control input (29) can be simply selected as θ = σ + ρ, where ρ is any positive constant.
Applying the saturation function (24) into (29), the nonsingular control input is derived as follows:
and the following stability result can be obtained by the proofs of the established Theorem 3 and Theorem 2 in [15] . Theorem 4: For the second-order system (27) satisfying Assumptions 1 and 2, the global fixed-time stability is realized at the origin under the nonsingular controller (33), and the upper bound of the settling time is provided by
where T ε2 is a small time margin to account for the saturation manipulation. Remark 6: Similar to Remark 1, if p i = 1+1/µ i and q i = 1− 1/µ i with µ i > 1 for i = 1, 2, then less conservative estimates for the upper bound of settling time in Theorems 2 and 4 can be respectively calculated as
and 
where x, v ∈ R represent the position and the velocity of pendulum, respectively. Firstly, for the system (37) without disturbances, the controller (25) is applied with parameters α i = β i = 1, p i = 1 + 1/µ i and q i = 1 − 1/µ i for i = 1, 2, where µ 1 = 1.5 and µ 2 = 2.5. By (35), the estimated upper bound of the settling time is larger than 6.2832 seconds. The closed-loop responses are shown in Fig. 1 , from which it can be seen that the position and the velocity of pendulum converge to zeros within 2 seconds.
Subsequently, for the system (37) with the external disturbance d = 1.5cos(v), the controller (33) is used with θ = 2. In this case, the robust performance of closed-loop system is given in Fig. 2 , in which the desired fixed-time stability is also realized. 
VI. CONCLUSIONS
This paper solves the fixed-time stabilization problem for a class of second-order multi-input systems with unknown nonlinear dynamics and external disturbances. To be specific, fixed-time stabilization control frameworks are respectively proposed for the nonlinear controlled objective and the disturbed uncertain system. It is explicitly demonstrated that the closed-loop system will realize stability within a fixed time related to the parameters of the proposed controller. The effectiveness of the developed control design method is verified by its applications to a forced pendulum system.
